ABSTRACT. If A is a subring of a commutative ring B and if n is a positive integer, a number of sufficient conditions are given for "A[[X]] is n-root closed in B[ [X]]" to be equivalent to "A is n-root closed in B." In addition, it is shown that if S is a multiplicative submonoid of the positive integers P which is generated by primes, then there exists a one-dimensional quasilocal integral domain A (resp., a von Neumann regular ring A) such that S ≥ fn 2 P j A is n-root closedg (resp., S ≥ fn 2 P j A[ [X]] is n-root closedg).
1. Introduction. All rings considered below are commutative with identity. As usual, if A is a subring of B (with the same 1) and n ½ 1 is an integer, we say that A is n-root closed in B if b n 2 A with b 2 B implies b 2 A; in case B is the total quotient ring of A and the above condition holds, we say that A is n-root closed. Much of the literature on n-root closedness has focused on domains and connections with seminormality (cf . [6] , [7] , [1] , [3] , [8] , [5] ); the emphasis on von Neumann regularity in [14] is a notable exception.
It is known [8, Theorem 1] that if A is a subring of B, then the polynomial ring A[X] is n-root closed in B[X] if and only if A is n-root closed in B. Hence if A is a domain with quotient field K, then A[X] is n-root closed if and only if A[X] is n-root closed in K[X], since K[X] is integrally closed and contained in the quotient field K(X) of A[X]. Thus if A is a domain, then A[X] is n-root closed if and only if
A is n-root closed. However, the analogous assertions for rings of formal power series do not hold. Indeed, [14 In the second section, we give several cases where "
] for a subring A of a field K, then A is a field. Some of the material in the second section can be deduced from [5] (we specify the relevant connections at the appropriate points below), but it is included here for two reasons. First, the approach and methods of proof here are often more direct than those of [5] because the papers have different goals. Second, much of the material in the second section is preparatory for our main result in the third section and, thus, helps to make the paper self-contained.
The final section is devoted to the multiplicative monoid C (A), in the sense of [1] and
[2], namely C (A) = fn 2 P j A is n-root closedg, where P is the set of positive integers. Any such monoid is generated by primes since for integers m, n ½ 2, A is mn-root closed (in B) if and only if A is both m-root closed (in B) and n-root-closed (in B). Conversely, it was shown in [1, Theorem 2.7] that any multiplicative submonoid of P generated by primes can be realized as C (A) for a suitable domain A; if the monoid does not contain 2, then it was shown in [2, Theorem 6] that A can be arranged to be a one-dimensional Noetherian local domain. In Theorem 3.3, we remove the restriction on the prime 2, at the expense of replacing "Noetherian local" with "quasilocal," while preserving the one-dimensionality of the exhibited domain A. We use some results from Section 2 and 
need not be root closed even when A is integrally closed. Such results should be contrasted with the behavior of "seminormality."
(As in [8] , a domain A with quotient field K is said to be seminormal if u 2 K, u
but the converse is false.) On the positive side, A[ [X] ] is seminormal if and only if A is seminormal [9] .
We often restrict to the case where A is p-root closed in B for p a prime. When A has positive characteristic, our next lemma often allows us to restrict to studying n-root closure when (n, char A) = 1, that is, when n is invertible in A. (
b) The following conditions are equivalent for a domain A with quotient field K and char A = p prime: (i) A is p-root closed; (ii) A[[X]] is p-root closed; (iii) A[[X]] is p-root closed in K[[X]].
PROOF. These assertions all follow easily from the fact that (
Our next result isolates a reason that the domains in Example 2.1 fail to be n-root closed. The special case of the next corollary when B is also a field is actually a special case of [14, Theorem 1] , since any field is von Neumann regular. Corollary 2.4 is also a special case of [5, Theorem 1.27], since any field is a p-injective ring. However, the proof given below is much easier than the proofs of the results just cited from [14] and [5].
COROLLARY 2.4. Let k be a subfield of a ring B. Then k[[X]] is n-root closed in B[[X]] if and only k is n-root closed in B.
For the converse, we may assume by Lemma 2.2(a) that n is nonzero in k. 
THEOREM 2.6. Let A and B be quasilocal rings, with A a subring of B and common maximal ideal M. Then the following conditions are equivalent: (1) AÛM is n-root closed in BÛM; (2) A is n-root closed in B; (3) A[[X]] is n-root closed in B[[X]].
PROOF. By Corollary 2.4, we may assume that M is nonzero. The equivalence of 
COROLLARY 2.7. Let A and B be quasilocal domains, with A a subring of B and common nonzero maximal ideal M. Suppose that B[[X]] is n-root closed. Then A[[X]] is n-root closed for any nonempty family of indeterminates X if and only if AÛM is n-root closed in BÛM.

PROOF. By Theorem 2.6, A[[X]] is n-root closed in B[[X]] if and only AÛM is n-root closed in BÛM. Moreover, since B[[X]] is n-root closed, A[[X]] is n-root closed if A[[X]] is n-root closed in B[[X]]. Since A[[X]] and B[[X]] have common nonzero ideal M[[X]], they also have the same quotient field. Thus A[[X]] is n-root closed in B[[X]] if and only if A[[X]] is n-root closed. By [5, Corollary 2.7], A[[X]] is n-root closed for any nonempty family of indeterminates X if and if A[[X]] is n-root closed. Hence A[[X]] is n-root closed if and only if AÛM is n-root closed in BÛM.
3. Realizing C (A). As in [1] and [2], for any ring A, we define C(A) ≥ fn 2 P j A is n-root closedg. Then C (A) is a multiplicative submonoid of P generated by primes. In [1, Theorem 2.7], a monoid domain construction was used to show that any multiplicative submonoid S of P generated by primes can be realized as C (A) for some domain A. In that construction, the domain A was typically quite large. In [2, Theorem 6] , it was shown that A can be chosen to be a one-dimensional Noetherian local domain as long as 2 Â 2 S. In Theorem 3.3, we show that A can be chosen to be a one-dimensional quasilocal domain. In fact, A will be of classical "D + M" type. Let S be a multiplicative submonoid of P generated by some set P of positive primes.
The key step in the following work is to identify a suitable associated field (denoted K S below). We define inductively an increasing sequence of subfields of R by K 0 ≥ Q and
P is the empty set. LEMMA 3.2. K S is n-root closed in R if and only if n 2 S. PROOF. We may assume that n ≥ p is prime. First , suppose that p 2 S and x 
, viewed as a subring of B ≥ Q n½0 R, a direct product of denumerably many copies of R. Thus, A is the ring of all the real-valued sequences which after some point (depending on the sequence) take all subsequent values in K S . Notice that A is von Neumann regular, and hence equals its own total quotient ring. 
(The results quoted from [14] would require us to replace "²" with equality, but it is evident that "¦" holds in general.)
We may prove the (contrapositive of the) "if" assertion by modifying the proof of [14,
Example 6]. Consider n 2 P S. Then, by Lemma 3.2, K S is not n-root closed in R, and so we may pick ã 2 R K S such that ã 
